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Application of Efficient Explicit Model Predictive Control in Two Tank System

Yang Pu, Wang Yuhong
266580, China)

Abstract; An efficient explicit model predictive control algorithm is proposed for a class of hybrid systems based on piecewise affine

(College of Information and Control Engineering, China University of Petroleum (East China), Qingdao

(PWA) model. The algorithm solves the optimization problem off line by transforming it into an equivalent multi— parameter programming
problem and therefore obtains an explicit controller with piecewise affine form. For on—line process, a new search method is used to deter-
mine the position of the system state in the partitions of the controller and gets the optimal input according to the control law corresponding
to the partition via evaluating a simple linear function. The algorithm greatly reduces the computation complexity. Moreover, it leads to

higher computation speed and better real —time performance. Finally, an application case study on two tank system is given to illustrate this

method and the simulation results show that it is more efficient comparing with other algorithms.

Keywords: PWA model; explicit model predictive control; online computation; two tank system

0 3|5

REAGEIREEEL SRR, HFHW
PN S EAE M — R R 5. IR E W5 8 IEEE £ 4
RS RA T S ME R . s B S (PWA) Bl
B REEMERRGEER, EARES AR I 1) SN R 5 1 IR
ZeftE, MHEMH F2RMWAEEA, R G EHH SRR
(MLD), 2tk EAMER (LO), AW /MER (MMPS) 200

B xF PW A BE AR (1% 25 1) 5 325 i BF 98 AR O AF 5T 9 A8 . SOk
(2] wh, $2 M0 SR RS R S0 0 42 il 19 7 i ER IR O 3R 7 BRI
LR S, FEOTE RS K, HEET KERE., Sk
[3-4] o, $2 R W B0 A 300 8 1 19 Jr vk . nl DL B0
Peix — a8, pal AR ML, MBI RERE SEA
MR, BEERS, BAEXITAERATELEHERR
MAPRASFEE R B XA S, FIE TR R E B R AT,

S ORI T A ) b, AR R R T N T 0 X 4 o
B R AT I 2R, DIB S RGE YRR SR TR0 X, Rk
HAESAHMWEREL, W LRKI A HELITEE ., Sk
(5] o, a4l 4% o X AT sk 4 b i/ TH R

Wi EEI:2015-09-24; {EE HEI:2015-11-02,

E£TH :HEXAAREI ST H (61403420) s ILAR A B AR
GBI H (2013ZRE28089)

EEB N A BEA989 O T AL BN A B F5e 2k . R E N
SeiE IS 5 H AR T .

EFLA970 ) 5 AILHT RN B WL WA S N
P A A S

B, WA TR SCEk [6-97 v, a4 B O R
PR AR N R L L T DB 0 5 R Sk
(10 - 127 v, 5 o 0 ] 3840 K E A5 f o 3R 15 T8 RA%.
L3 3 KA o 0 AL e T B A TR AR AR SO T —
TR RS H BT B U0 ) 28 0 DX BB ) 94 38 e 2+
SRR T EL AT LK R ST AR R

ASCE SN T PWA BB, SRJG AT PWA ) B R
FR T4 ) 9 25 2 V0 A 4 T B AR AT T BE AN B BE ST
BRCJE M ) J  F ELAT ORIR Z 1 K A FR
1 PWA &5

PWABIRE KM BB RERR, EE&ARAE
SRS TR, A RGNS AW, R 5
HIEA RS Z [ HE AT U4, KA.

x(k+1) = frwa (x(k),u(k)) = A,z (k) + Biu(k) + f;

y(k) = Cix (k) + Diu(k) + g

- x(k)

{Wﬂ[u(k)
Hrp:k=0.0€ R RERGIRE, w € Ry € R« 5355

Aﬁ%ﬁAﬂﬁﬁ%Qﬁﬁg{E}HwﬂﬁhMQK,J:

Loweos RGNS S A R R4 0 2 H A4,
2 EHTF PWA =B BB A 4B 1504 5

E X PWA S (g b R TR 0 42 o v 5l B R A7
ST, AR SR R AT 2 0 42 1 2 5 2 SO
RIS A B B LR R S 8. e, HTR
PSR ARt 2 RPAR S A7 58 AL R T B SR B B B T

]Eﬂ,i:me



< 72 - PP A 5 45

5% 24 &

2.1 BZitHE
BN A R R L E S (CFTOC) [n] 8 .
JX ((0)) = minJ (U™ +2(0)) = min ¢ Qv (a(N) — 2 || +
Uy

N—1
Yo 0
N—1

ZHMMM—WHL+H@ﬂw—mML}

k=0

o xe D) = fowa (k) ulk))
subj . to (D
x(N) € T,,
Hp U A [w(OT o, u(N—DT]" € RN B AT
G, BPYesn &, NEHMEE, T, € R JEA A RE, O,
0. REBUEMRE, BT RMWRAE M, ASCRH—FR s 58
XIS 5 2 SE RIS S & 10 7 R i )
MRYEDUR S 0B, a8 (1) m]LLSEN B Ko o —
A~ 25 R ) e
ﬂ(ﬂﬂ):T?ﬂRWH)*me+WQMU)*me+
JiaaG+10)
x(G+ 1) = frowa (x(G)u(y))
su/)j.zujz'(jJrl) e Tn 2)
j=1,,N—1
Hop: Ty =T J3 (N = [[Qn (2(N) —2) | 5T, =
{x € R | Ju:frwa(x w) € T} AFRE (2) WATHETA
REMES . R T EE RIS R, W FH—IK
R, MR () BESEER, u() BERKLE,
A2 s EAITER AT LLEE AL an T I 200 22 2 50k 1 R R ()
J () = min{J(r.x) = fTr}
subj . to Cr < Ca +C
Jobsx € Ry BB r € R RPSEF . HEC
€ R (" € R ,C° € R, f € R
AR SCHEk (4], WX Bk 2 S8 LR R A%, ]
DA B 43 B O 308 20 i S X4 1 3R
w' (k) = Fra(k) + G x(k) € REyi= 1, ,N*
Hr, Rf,i=1,-- , N* RO IRASE 2 () ZERT R LK k=
0, N—1 LW Emikns X, RIFRDEFEG D, JRHE L
= 0 B Ay B E ikl R, BRI AT 45 30 @ il 4% .
2.2 EZITE
LT RRy, T E e Y AT 2 R GOR S Gl 4 4
KBGO E s PR 5 0% 43 X X6 L Y 18 ) 26, a4 AT o0 A0 £ 1
BHE, RIS RS AR 2 A . RXER . TR e s
JE O A BE NS DU IR 1T R GRS AR R S K INALE, X
SR SR A CRUENL” R
fif g L ENL” n) S ERE R SR N A Rk, B
MR P e 1 A KRR, RiEsXREL, W
YW RERESEERE T ZS X, HANKINZRE S8 5 X
oA W58 B e — A A KO Ak I A RS Y LR R Ak 1
Fim, XEMEEREHEE N SMRESX, iGN A
KA FERH R = (| Hr <K, ) Hy K 33 R ng, X,
e, X1 HERYHEFE . o e, FIR 4RI 53 DX A T T4
B
D K Y2 R GERE (k)
D) KK BEBERE (G = 1,.N) 44 K., &R
Hax < K;, W x(k) € R, « BN, k884K,
3) HEWREERN () € R o WA Z 4T K i %) 5 19 F
BERHE () =Fx(b)+G » A E R RASHEA ., I,

AREARTELE R 0 XA .

NP 5 4% 92 e IR ) 19 0L 7% B R — A KT A AR, X
PRSP R R X TR . R+ AR . AR SOREE 2.1 97
RAT B P B0 KR i TN 2 R, JEEEAE
SRR A, BT — Rl R R PR 4R, AT DU R0 i
B RUENLT A

A 1 FR—AD L A, AR ALK .
B r A S TFZZ AN, JFH, £ZHERNIA T,
PERS c O M S c MBEB N d . B4, REY cMEE/NT -
B, —ERTZLZHE. RES  WIEHRT IR, —&

ENEREREA R
4
3
22
1
L 0 i 7 3 P!

Xy

[ — WP A (7S

HRYE BB, B I A RN, HeR AL n 4t
FEH A RS XA, FH S T %o X0 R R
. XEMAAR = (x| Ha < K} RaREHRSHE <
N) A Z RS TEZsr K, B 2 54000 Bk iy [/ 0
Hox 2R s FIET A A ] R

maxr;
subj. o Hiz. +r|H |, <K’ j = 1,une  (3)

X ) o, HY K IR H K 88 17, X2 —
AL NVE LR R R A SR AR R . AR e R, BDATASE
HWEFRERIE, A Bz, »r) Fw .

Zd EEA R, BT LIS B N BRI, AT ERG
FERARKA x B G= 1, N) , RIS AR LA F i 25
A X, SRR KK O RIEM R &G = 1,
N> AXERI, % RA T RETE 2 | AR DR RS, R

R HATEARHERERR = 2 €R 2= D)oV ,0<q
=1

“R.
<1 Dje = 1) M VP RER W5 5 AT v, RER,
j=1

MBS EE A d = max| VR —x || Vi=j. o s
V}(’,)

VLB LB & e, B afegkAmsknt, HRFEZERKK
RIMAG G HI 2R S (o) S AR (D7 X E B Z (8]
PIBER ey W, o S5 R, S o < r B, 3L
() € R BN Mo >r i, HEHEKK o 54 19K
N Moo >d B B () RIS X, HELSEERT
— AP Yo <di B BT 2 (o) WTREAE IS X, A
By K. MERTERG A KA ARKB] 2o TR 143 X,
WIAE Z BT AFAE G o X ob . SR Y A4k ik k. BERS L&
ok iy Bk RS 2 iR

Hk 2.

D BRI B(x, or) M diG=1,+.N),



%43

W B S w A SO R B A R 7E A K AR B - 73

2) Y E AR RGRE 2B

3D Hi=1m, KW x5, ZHIEE o . 7o <
rios W x(k) € R BEFEEILTE S, W, A d <o » M
x(k) ¢ Ry, BKEERIBRR A, 25 oo <<di s WPHIZ S R AEM

4 FEi<N, Wi=i+1, BERELE3; HW, fEL%3
A R BT A 4y X SR RN 5 4k b AT A 4k

5) HHELERN (k) € R, MM IEZ 4 X i %t 5 1y 1
BHE w () =Fa(b)+G ,» A HRREREA. BN,
ZARBAFEE W 45 53 KN

o S R TR 00 4 ) A LT ST R A SR R 0 4 X
B N ARG A KRR N n (D, BB 2
el “AEAL” I, 7 HEEALERSE, —RELT.
HBEEFAS R P H#AT 1 REHGEHE, 2 WIS E R
EREMEOLT, HFEFT L RBEEEHE, 2+ 2D RILKE
B ARV, Y AR AR AR R A A X, R AR R B 43 XY
Fe 2B/ . T iE 5 1 M 2 A KR AT n(D
WHIMEZEE, n(D) WHEBE, AR, MEfl 2 8m e
s, n() =2,

X T HR U, B 2 BRI AE S S, DT o 4 I
=2/
3 FEXH
3.1 FEKEN PWAKE

XKFE RGBS, EEERN— DR MARER B (Ben-
mark Problem), #)7Z /i F F1E 2% 3 G WF 58 3R 19 B84k o
PIEKRE - REEWNKERSE, WE 2 fin, 7ELPRITS
L, BSEONE SCRIEEREE % 1,

B2 PIAKA

E KA L HUKRAS 2 WA KATALRG . W28 E AT A
WLV Ve WA BRI AT KA AR T LUV
Vo BB VOV, Ve VL B TR RN T] . KA 1

H#EZRMAR P WIARIEHN Qr (0K Qpt < Quax) - A IFIK
Vi WH, B/ VO EIT, W2 R R .
F1 WEKHSH
4 S Bl
A K A A A 1 AR/ 0.0154
a. 1] 11 % ik R A 1
S1.S: TR A R T L/ m? 0. 00002
o & Vi 84/ m 0.3
Pmax AL B B 1R/ m 0.62
Qunax I I KR/ (m?/s) 0.0001
T AL/ 5 5

dh, 1

WZK.(Ql’liniQZ)
dhg 7i. —
o = A (Q+Q —Q»

Horpe Buia RSB0 .
Ql - Vl ca
|

« Sy ¢ sign(max{h, ,h,} —max{hy,h,})

2g(max{h, sh,} — max{hy h,}) |,

o signChy —hy) « /| 2gChy —hy) |

szvz‘a;'sl

Q = a. S, \/2gh,
A sign () o VTa | F —2= EMER, B sign(x) -
X max
VIa T~ —2— WA LA RGHE AT f R AL, 2
V X max
ML G R G v AR T RN
Q =V, ea.+S « (max{h, ,h,} —max{h, ,h,})

Q =V, ea S «Gh—h) e+, /}25”
1 max

Q =a.+S; «hy - }%
R ZA g R s i, &
dh, Rk —h () .
—_— =V, =1,2)

dt T
53,
hy(k+1) = hy (k) +AI c[Qm (B — Qi () —Q, (k)]

hy (k4 1) = hy (k) -l-Al QD) +Q () — Qi (B)]

FEE by MENRGEHPRE AR 2B € [0,0.62] X [0,
0.621,Q Vi .V fEARGEMIA Uk . HKSEMERA, I
2 B RSB 2K R Y PWA B, B3 16 T REBTRIL L.
3.2 hEERSHW

ARSCH FE D E bR R KA AW BRE ak) =
[0 0], FERGHA UG WIERT . REM% S 328 0 WAk
B alk) =[0.1 0.5], R 00T T 45 8 50 2k %k R 4t
i, it A A AP e B R 2K 3 TR,

x10°

(a)

225%
© @

Pl 3 g R T 0 4 o 4%

B, () FoREHESK2X. E>hA 29 MARM 77
RS AAE 371 MRESF K L, (D). (o, (D) FRREHA
Qo Vi Vo a3 FEAR i #5 53 IX b Xk B A 2 v i SRR R RS . AR AR
BRI . EZOT R R R 1L Tk KH




o« T4 .

PP A 5 45

5% 24 &

HU MRS AR 2 RIR SRR A, A IR K
=60 (7R 60 ARFEMIID . 4 FH LI LILE 2,
2 AELITAREA L

. B [B] /ms
ik T4k A 18] | 5L TSR] | P38 AR AR R S )
Bkl 0 821.014 13. 684
Al k4 KB Yk | 68 176. 237 391.013 6.517
TR 189 249. 526 63.031 1. 051
k2 122. 872 388. 115 6.469

Fo2op, RO KERE. CWMBERERAE 2 5% EN
DRI R AT B e AL B, B3 ik 2 JTTIE S Tl 2 JHC At P R 5 125 Y
0. 182071 0.065% 5 FEMAEL T AR, Bk 2 AN LHE B 1
AR T 430. 001 ms, 50 Ko K5k AT A2, (A2 L
TR BRI . F B AR T OB E BRI ST
WA, (HJ . IRAETAL B ) I, 2 8 A AE K
I, AT REAE A B FR 2 O NP —hard [0 875 1 BARA
W AL, AR, EAIE AN K etk KB
PR 2 ARG RN 18 B R G IR A F0 ke A BE R [A]
BB AR AR Z AN IA 4. [ 5 TR

L0
0.9}
0.8 .
0.7F :
0.6} o
>~ 0.5
0.4}
0.3
0.2}
0.1

B4 RGURAS T 2

x 10

1
=)
=

T

=)
=
T

0 10 20 30 40 50 60
K

B S Z G000 T o i il 2%

B b, AR BB ZEE S A RIE T . AR RE AR Ry
BB BE MWL FHAE XA IE RN s, X d TRA K
FATE LRSS AT AR FRIF T S 20 .

4 Hig
ARSCA 4 T AT PWA BEEL Y I U B ol ek, 4t

XZEF ORI A SR, R TR AR, IR R
IS FH B T X WA KA P A BT R o FUAE SRR T, KRR A
WAL, HE B PeE R ) I BN B WAL . JF BRI
AR, SR I B AR AR LT 3 A RS T R R AR
PR G A

SE Lk

[1] Heemels W P M H, Schutter B D, Bemporad A. Equivalence of
hybrid dynamical models [J]. Automatica, 2001, 37 (7): 1085
-1091.

[2] Bemporad A, Morari M. Control of systems integrating logic. dy-
namics, and constraints [ J]. Automatica, 1998, 35 (98): 407
—427.

[3] Bemporad A, Morari M, Dua V, et al. The explicit linear quad-
ratic regulator for constrained systems [J]. Automatica, 2002, 38
(1. 3-20.

[4] Baotic M, Christophersen F J, Morari M. A new algorithm for
constrained finite time optimal control of hybrid systems with a line-
ar performance index [ AJ]. Proceedings of Europe Control Confer-
ence [C]. Cambridge, United Kingdom, 2003: 3335 —3340.

[5] Spjotvold J, Rakovic S V, Tondel P, et al. Utilizing Reachability
Analysis in Point Location Problems [ AJ]. Proceedings of IEEE
Conference on Decision and Control [C]. San Diego, USA, 2006
4568 — 4569.

[6] Tondel P, Johansen T A, Bemporad A. Evaluation of Piecewise
Affine Control via Binary Search Tree [J]. Automatica, 2002, 39
(5): 945 -950.

[7] Christophersen F J, Kvasnica M, Jones C N, et al. Efficient eval-
uation of piecewise control laws defined over a large number of poly-
hedra [A]. Proceedings of the European Control Conference [ C]J.
Kos, Greece, 2007 2360 —2367.

[8] Monnigmann M, Kastsian M. Fast explicit model predictive control
with multiway trees [ AJ]. Proceedings of 18th IFAC World Con-
gress [ C]. Milano, Italy, 2011; 1356 —1361.

[9] Bayat F, Johansen T A, Jalali A A. Flexible Piecewise Function
Evaluation Methods Based on Truncated Binary Search Trees and
Lattice Representation in Explicit MPC []J]. IEEE Transactions on
Control Systems Technology, 2012, 20 (3): 632 —640.

[10] Geyer T, Torrisi F D, Morari M. Optimal complexity reduction

of polyhedral piecewise affine systems [J]. Automatica, 2008, 44
(7). 1728 —=1740.

[11] Kvasnica M, Fikar M. Clipping — Based Complexity Reduction in
Explicit MPC [J]. 1IEEE Transactions on Automatic Control,
2012, 57 (7). 1878 —1883.

[12] Stevek J, Kvasnica M, Fikar M. Towards a dominant— polytope
complexity reduction in explicit MPC [ A]. Proceedings of Interna-
tional Conference on Process Control [C]. strbské pleso. Slovak
Republic, 2013. 124 -129.

[13] Fuchs A N, Jones C N, Morari M. Optimized decision trees for
point location in polytopic data sets — application to explicit MPC
[A]. Proceedings of American Control Conference [ C]. Balti-
more, USA, 2010: 5507 —5512.

[14] et pe. 2084k, Ak k. BORITIN 46— RS ik (0. A
shk2F 4R . 2013, 39 (3): 222 -236.

[15] Bertsekas, D P. Dynamic Programming and Optimal Control
[M], Massachusetts; Athena Scientific, 1996.

[16] £ k. sk, AP ERSEXEKE PR HE J] 58
HLINE Sl , 2013, 21 (3): 775-778.



